Abstract. We show that if G is a finite group, C a conjugacy class of G and
Introduction
The following result was proved for a permutation character θ by Blichfeldt ([2] ), rediscovered by Kiyota ([7] ) and proved for characters and generalized characters by the author ( [4] ) and independently by Cameron and Kiyota ([3] 
| χ ∈ Irr(G) (here χ(C) is the value of χ on any element of C).
Then
Next, we observe that d = θ (1) 
Since V θ(1) (θ) = ker(θ), Theorem 1 follows from Theorem 3. For a permutation character θ, this was already proved in [2] .
A similar adjustment can be done in Theorem 2; the exact statement is Corollary 6(2) in the next section.
The proofs are very similar to the proof of Theorem 1 in [4] . In fact all the above theorems can be deduced as special cases of a congruence in a general setup (see Section 2) . Equality in Theorem 2, which is 
It is easy to see that this product is equal to m = | C |. Another example is a Frobenius group G of order p n (p n − 1) with an abelian Frobenius kernel G of order p n . Let g ∈ G − {1} and let C be its conjugacy class. Then |C| = p n − 1 and | C | = p n . It is known that Irr(G) contains exactly one nonlinear character χ, χ(1) = p n − 1 and χ(g) = −1. Thus m = 2, d = p n − 1 and
. It may be of interest to study when equality occurs as a "dual" study to sharp groups (these are groups in which equality occurs in the Blichfeldt's congruence (Theorem 1)). Many cases of sharp groups were studied, by Kiyota, Cameron and others. The last example is such a dual "sharp" example for the case
. It is not hard to see (Proposition 7) that this equality holds if and only if C = C ∪ {1} is a minimal normal elementary abelian p-subgroup for some prime p.
Equality can occur in Theorem 3 for d = θ(1) as well. Proofs can be found in the next section. Our notation is standard and taken mainly from [6] .
Proofs
Let F be any subfield of the real number field R and let A be a semi-simple, finite-dimensional commutative F-algebra. The identity element of A (which is known to exist) will be denoted by 1 A .
Let
is diagonalizable over the field of complex numbers (see [5] , Lemma 2.1).
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Definition 4. Let F be any subfield of the real number field R and let A be a semi-simple, n-dimensional commutative F-algebra. Let B be a basis of A with 1 A ∈ B. Let a ∈ A and a(1), a(2) , . . . , a(n) be the eigenvalues of M (a, B).
Theorem 5. Let F be any subfield of the real number field and let A be a semisimple, n-dimensional commutative F-algebra. Let B be a basis of A with
Proof. As the entries of the matrix M (a, B) are all integers, all the eigenvalues are algebraic integers. Also the minimal polynomial m(x) of M (a, B) has rational coefficients. Since M (a, B) is diagonalizable (see [5] , Lemma 2.1),
By assumption a(1) is an integer, so the polynomial
also has rational coefficients. As all the coefficients of f (x) are algebraic integers, the coefficients of f (x) are integers.
Note that if s is such that a(s) = d, then f (a(s)) = 0, while
where the n i 's are integers. We compute n j=1 α j ·f (a(j)) in two ways. First, the previous paragraph shows that
By assumption, each G and d, d 2 , d 3 , . .
(Generalization of Theorem 2). Let G be a finite group, C a conjugacy class of

. , d m the distinct elements in the multiset
|C|χ(C) χ(1) | χ ∈ Irr(G) .
Assume that d is an integer and set
. . , C n } to be the collection of conjugacy classes of G, and Irr(G) = {χ 1 , χ 2 , . . . , χ n }.
Clearly we can rearrange class(G) such that
Let A = Q(Irr(G)) be the algebra generated by B = Irr(G) over the rationals Q. Then A is a semi-simple, n-dimensional commutative Q-algebra and θ ∈ A. By the orthogonality relations M (θ, B) consists of integer entries; also d is rational by assumption, hence an integer. Furthermore, M (θ, B) is diagonalized by the character table and its eigenvalues are θ(
As θ i , 1 G is an integer, we can apply Theorem 5 to get
. . , n is a basis of A. Moreover, A is a semi-simple, n-dimensional commutative Q-algebra and C ∈ A. It is well known ( [6] , p. 15) that M (C, B) consists of integer entries, it can be diagonalized and its eigenvalues (e.g. [5] , p. 155) are the numbers
for i = 1, 2, . . . , n. Clearly we can rearrange Irr(G) such that
By assumption d is an integer.
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Next,
is an integer for every i. It is the coefficient of 1 in the expansion
it is the number of times that 1 can be written as a product of exactly i elements of C (see [1] , Lemma 10.1, pp. 43-44).
Now the result follows from Theorem 5.
If we chose d = |C| in part 2 of the corollary, then
Thus, Theorem 2 follows from part 2 of the corollary. We finish with a description of groups for which | C | = (|C| − d 2 ). 
Let x ∈ C − {1}. We wish to show that x ∈ C. Suppose the contrary. Then
This forces α = 1, a contradiction. Hence C − {1} is a conjugacy class, and as C ⊂ C we get C = C ∪ {1} as desired. Now C is a minimal normal subgroup in G, and all elements of C − {1} have the same order. So C is an elementary abelian p-subgroup for some prime p.
Conversely, assume that C = C ∪ {1} is a minimal normal elementary abelian p-subgroup for some prime p. 
